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Abstract

In this note we solve the celebrities problem, which is similar to
[1]. The author doesn’t have access to [1], so this is a guess of what
that problem states.

Problem: Given a list of people at a party and for each person the list of
people they know at the party, we want to find the celebrities at the party. A
celebrity is a person that everybody at the party knows but that only knows
other celebrities. At least one celebrity is present at the party.

1 Analysis

Let P be the set of people at the party and κ : P → 2P the function that
describes who knows whom at the party. The subset C ⊆ P of celebrities at
the party is defined recursively as

Definition 1.1.

C = {c ∈ P : (∀p ∈ P : c ∈ κ.p) ∧ (κ.c ⊆ C)}

Lemma 1.1.
∀p ∈ P : C ⊆ κ.p

Proof. Follows directly from the definition of celebrity.

We introduce the notion of peer. A peer at the party is someone you
know that knows you too. Function π : P → 2P returns all the peers of a
person and function η : P→ 2P all the non-peers:
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Definition 1.2.

∀p ∈ P : π.p = {q ∈ κ.p : p ∈ κ.q}, η.p = κ.p \ π.p

Lemma 1.2.
∀p ∈ P : η.p = ∅ ⇔ π.p ∪ {p} = C

Proof. First we prove that p ∈ C ⇔ π.p ∪ {p} = C. Assume q ∈ π.p and q
not a celebrity. This is a contradiction because p knows q and p is a celebrity
hence it can only know celebrities. The reverse is obvious.

To prove the lemma, assume η.p 6= ∅ and q ∈ η.p. If p were a celebrity then
everybody would know him, but q doesn’t know him, which is a contradiction.
So p ∈ C⇒ η.p = ∅. The reverse follows like this: assume p is not a celebrity
so it must know a celebrity (there is one present at the party) and that
celebrity is not his peer otherwise he would be a celebrity. So that celebrity
is in η.p which contradicts η.p = ∅.

Armed with these two lemmas we can outline an algorithm to compute
the set C of celebrities. Lemma 1.1 tells us that we can start with any person
p because the set of celebrities is a subset of κ.p. Lemma 1.2 tells us to look
at the set of people that p knows that are not his peers: η.p. If η.p is empty
then p and his peers are the celebrities. If it is not empty then p cannot
be a celebrity but the set of celebrities is contained in η.p, which let’s us
recursively continue with a smaller problem (the set of people without p and
his peers).

2 Implementation in Scala

This section shows a small Scala [2, 3] program that implements the outlined
algorithm. The Relationships trait provides the κ function that returns who
knows whom at the party, somebody’s rolodex is the list of people he knows
at the party. The findCelebsThru function implements the algorithm. It
first partitions the rolodex into a tuple of two lists: peers and non-peers. It
then decides according to the number of non-peers if it’s done or if it has to
call itself recursively. This function is tail-recursive.

The rest of the code just sets up a small example with a party of five
people and two celebrities. All the println calls in the main function should
return the same result, namely Alice and Peter, the celebrities in this exam-
ple.
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Listing 1: Scala code

package com . codemanic . s c a l a . minis

import c o l l e c t i o n .

object c e l e b s {

tra it Re la t i on sh ip s [T] {
def knows (p :T, q :T) : Boolean
def ro lodex (p :T) : L i s t [T]

}

def f indCelebsThru [T] ( person :T,
r e l s : Re l a t i on sh ip s [T ] ) : L i s t [T] = {

val par t s =
r e l s . ro lodex ( person ) . p a r t i t i o n ( r e l s . knows ( , person ) )

par t s . 2 match {
case L i s t ( ) => person : : par t s . 1
case p : : ps => f indCelebsThru [T] ( p , r e l s )
}

}

def f i ndCe l eb s [T] ( people : L i s t [T] ,
r e l s : Re l a t i on sh ip s [T ] ) : L i s t [T] = {

people match {
case L i s t ( ) => L i s t ( )
case p : : ps => f indCelebsThru [T] ( p , r e l s )
}

}

// −−−−−−−−−−−−−−− example −−−−−−−−−−−−−−−−−−−−−−−−−−−−−

class S impleRe la t i onsh ips ( data :Map[ Str ing , L i s t [ S t r ing ] ] )
extends Re la t i on sh ip s [ S t r ing ] {
private val r e l s = data
ove r r i d e def ro lodex (p : S t r ing ) : L i s t [ S t r ing ] = {

r e l s (p)
}
ove r r i d e def knows (p : Str ing , q : S t r ing ) : Boolean = {
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r e l s (p ) . e x i s t s ( == q)
}

}

def main ( args : Array [ S t r ing ] ) : Unit = {
val party = L i s t ( ”Adam” , ”Dan” , ” A l i c e ” , ”Peter ” , ”Eva” )
val partyRels = new S impleRe la t i onsh ips (

c o l l e c t i o n . immutable .Map(
”Adam” −> L i s t ( ”Dan” , ” A l i c e ” , ”Peter ” , ”Eva” ) ,
”Dan” −> L i s t ( ”Adam” , ” A l i c e ” , ”Peter ” ) ,
”Eva” −> L i s t ( ” A l i c e ” , ”Peter ” ) ,
” A l i c e ” −> L i s t ( ”Peter ” ) ,
”Peter ” −> L i s t ( ” A l i c e ” )

)
)
p r i n t l n ( f indCelebsThru ( ”Adam” , partyRels ) )
p r i n t l n ( f indCelebsThru ( ”Dan” , partyRels ) )
p r i n t l n ( f indCelebsThru ( ”Eva” , partyRels ) )
p r i n t l n ( f indCelebsThru ( ” A l i c e ” , partyRels ) )
p r i n t l n ( f indCelebsThru ( ”Peter ” , partyRels ) )
p r i n t l n ( f i ndCe l eb s ( party , partyRels ) )

}
}

The program does terminate because at each recursive call the set of
people shrinks by at least one person. The program only works correctly if
at least one celebrity is present. If no celebrities are present the program
will stop at a person that doesn’t have any non-peers instead of returning an
empty list. Consider Figure 1 and imagine the algorithm starts at one of the
green nodes. It will end in one of the blue nodes which are not celebrities
because not every node in the figure knows them.

The worst case runtime is O(n2), where n is the number of people at
the party. We see this with the following setup as suggested by Figure 2:
p0, p1, . . . , pn−1 are the people at the party and ∀i < j : (pj ∈ κ.pi) ∧ (pi 6∈
κ.pj). Assuming findCelebsThru gets called with p0 and Relationships are
returned such that the recursive calls will be in order pi, 1 ≤ i < n then the
partitioning into peers and non-peers incurs the O(n2) cost.

This can be turned into a linear program if Relationships returns peers
first and then non-peers in its rolodex lists and the partitioning code stops
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Figure 1: No celebrities at the party.

Figure 2: O(n2) runtime.
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at the first non-peer. Since peers get discarded they don’t get visited again
and since the first non-peer moves the algorithm forward it becomes linear.
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